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Rate-dependence of yielding in ethyleneemethacrylic acid copolymers
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Abstract
It is well known that reducing the crystal thickness of polyethylene, by copolymerization with an a-olefin, decreases the yield stress. By
contrast, incorporation of methacrylic acid (MAA) e also a noncrystallizable comonomer e results in a marked increase of the yield stress
at room temperature at typical strain rates. We show that, in addition to crystal plasticity, one must consider the active mechanical relaxations
to understand this phenomenon. For ethyleneemethacrylic acid copolymers, the a and b relaxations are important over the range of conditions
probed in this study, and the increase in the b relaxation (glass transition) temperature with MAA content is identified as the source of this
peculiar behavior. The yield stress of these materials is adequately described by a model combining thermal nucleation of dislocations in the
crystals with a ReeeEyring dependence for yielding in the amorphous phase, all with physically reasonable parameter values. Yield stress
master curves may be created from data taken at various temperatures and strain rates, and are presented herein for low-density polyethylene
and five ethyleneemethacrylic acid copolymers of varying MAA content.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Ethyleneemethacrylic acid (E/MAA) copolymers were
first developed over four decades ago and have since found
widespread use both as copolymers and as their partially neu-
tralized salts, otherwise known as ‘‘ionomers’’. Given their
usefulness in mechanically demanding applications, it is quite
surprising that the literature regarding the yield behavior of
such materials is scarce [1]. These statistical E/MAA copoly-
mers are chemically homogeneous and are formed in the
same high-pressure, free-radical polymerization process that
produces low-density polyethylene (LDPE). Therefore, in
the limit of zero MAA content, their yield behavior should
approach that of LDPE; polyethylene yield behavior has
been studied extensively, though historically, two disparate
approaches have been used. The first approach has been to
assume that the yield stress can be modeled in terms of crystal
slip alone: in other words, the contribution to the yield stress
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from the amorphous chain segments is assumed to be negligi-
ble. Shadrake and Guiu [2,3] developed an expression for the
minimum tensile stress, sc, needed to thermally nucleate the
[001] screw dislocations necessary for the (hk0)[001] slip sys-
tem to be active in a polyethylene crystal of a given thickness,
lc. This expression predicts that the yield stress will increase
monotonically with increasing crystal thickness, a prediction
verified via experiment [4]. Though the free energy for the nu-
cleation event is a function of shear rate [5], the rate-depen-
dence is often ignored and a reasonable, constant value is
assumed instead [6].

The second approach has been to model plastic deformation
as a series of thermally activated rate processes, as suggested
by Ree and Eyring [7]. The yield stress contribution from each
process is assumed to be linearly additive. In most cases, only
one or two processes are needed, even over broad ranges of
temperature and strain rate. Each ReeeEyring process gener-
ally corresponds to a relaxation process observed via dynamic
mechanical spectroscopy. The ReeeEyring model has found
great utility in describing the yield behavior of amorphous
and slightly crystalline polymers such as poly(methyl methac-
rylate) [8] and poly(vinyl chloride) [9], as well as a few highly
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crystalline polymers such as isotactic polypropylene [10] and
high-density polyethylene [11]. Another interesting feature of
this model is that superposition of yield stress data taken at
various temperatures is possible [9], using horizontal and ver-
tical shifts which are coupled: that is, they are constrained by
the form of the ReeeEyring equation. The superposition
method allows for the creation of a master curve which de-
scribes the yield stress of a material over a broad range of tem-
peratures and strain rates. Herein, we combine the models for
crystal slip and activated rate processes to elucidate the micro-
structural processes which are important in the yielding of
E/MAA copolymers at various temperatures and strain rates.

2. Experimental section
2.1. Materials
LDPE (r¼ 0.923 g/cm3) and E/MAA copolymers were
provided by DuPont Packaging and Industrial Polymers. These
copolymers ranged in composition from 4 to 19 wt% MAA
(1.3e7.1 mol% MAA) [12]. The sample code (e.g., E/6MAA)
indicates the content of the acid comonomer (6MAA¼ 6 wt%
MAA). The copolymer pellets were melt-pressed into 0.2e
0.5 mm thick sheets at 140e150 �C in a PHI hot press. The sam-
ples were then stored in a desiccator at room temperature for at
least one week. ASTM D1708 dogbones with a gauge length of
22 mm were stamped from these sheets for tensile testing.
Copolymer pellets were also pressed into sheets of 0.1 mm
thickness for dynamic mechanical thermal analysis (DMTA),
for which the sample dimensions were approximately
5� 22 mm2.
2.2. Characterization
Uniaxial tensile stressestrain curves, at temperatures rang-
ing from 0 to 35 �C, were obtained with an Instron Model
5865, equipped with an Environmental Chamber 3111 retrofit-
ted to control the testing temperature to within 0.3 �C with
a cycle time of 1 s. Subambient temperatures were achieved
by introducing a small quantity of dry ice into the chamber.
Samples were allowed to thermally equilibrate for at least
5 min. The crosshead speeds employed ranged from
8.5� 10�3 to 8.5 mm/s, producing engineering strain rates
of 3.8� 10�4 to 3.8� 10�1 s�1. DMTA measurements were
performed at 1 Hz on a TA Instruments RSA 3, using the
film fixture. Data were collected every 5 �C for an effective
heating rate of about 10 �C/min.

3. Results and discussion
3.1. Yield point determination
Fig. 1. Yield regime for E/6MAA, at four different strain rates, all at 22 �C.

Note the absence of a local maximum in stress as the strain rate decreases.

The Young’s modulus and post-yield linear fit lines are shown for the

0.38 s�1 curve to demonstrate the method for yield point determination. The

yield point (�) for tests conducted at lower _3 is also shown.
Tensile tests of the LDPE and E/MAA copolymers were
performed at various temperatures and strain rates. At suffi-
ciently high strain rates and low temperatures, all polymers
showed a local maximum in stress at the yield point. This local
maximum corresponded with the initiation of a shallow neck
in the tensile test sample. However, at sufficiently low strain
rates and high temperatures, neither a local maximum nor
necking was observed; extension was homogeneous through-
out the gauge length. To consistently determine the yield stress
regardless of the presence or absence of necking, the yield
stress was taken as the stress exerted on the sample at a strain
that corresponds to the intersection of the Young’s modulus
line and a line fit to the pseudo-linear region immediately fol-
lowing the yield point. Fig. 1 depicts this scheme for the
0.38 s�1 strain rate tensile test. This method roughly corre-
sponds to the strain offset method of yield point determination
if an offset of 1% is employed. At these strains (<10%), no
permanent plastic deformation is observed; indeed, as is
known for low-density polyethylenes [13], strains well beyond
this initial yield point are required before irrecoverable defor-
mation sets in. Note that engineering yield stresses are re-
ported here, as opposed to true stresses, since the yield
strain magnitude is small and does not change substantially
with strain rate, as demonstrated in Fig. 1. The yield stress de-
creases with decreasing strain rate, as expected.
3.2. Yield stress model
In the limit of very low strain rates, amorphous-phase pro-
cesses should be completely relaxed. In this regime, the only
resistance to deformation comes from crystal slip. Following
Shadrake and Guiu [2,3], the minimum tensile stress, sc, nec-
essary for crystal plasticity via an (hk0)[001] slip system is,

sc ¼
KðTÞB

pro

exp

�
�2pDG�

KðTÞB2lc

� 1

�
; ð1Þ

where K(T ) is the temperature-dependent shear modulus of the
slip plane, for which we employed the simulation results of
Karasawa et al. [14], B is the magnitude of the Burgers vector,



Fig. 2. Schematic showing the relative contributions from rate-dependent crys-

tal slip and a single Eyring process, combined into a single model as described

in the text.

Fig. 3. Left: yield stress at various strain rates, at the temperatures indicated.

Right: master curve formed from the data via the shift factors given by Eq.

(5)e(7), with the best-fit parameter values in Table 1. Solid line shows the cal-

culated model fit according to Eq. (4); crystal plasticity dominates in regime 1,

while incomplete amorphous-phase relaxation dominates the yield stress in

regime 2.
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ro is the dislocation core radius, lc is the crystal thickness, and
DG* is the energy barrier for the nucleation event. Some re-
searchers [6,15] choose a constant value for DG*, typically be-
tween 40kT and 60kT. However, Crist [5] suggested that
crystal plasticity is an activated process, and DG* may accord-
ingly be defined as,

DG� ¼ �kT ln

�
_3

_3c

�
: ð2Þ

Thus, the factor of 40e60 is replaced by a strain-rate-depen-
dent quantity, �lnð_3=_3cÞ, where _3c characterizes the rate of
segmental motion. While _3c in principle represents a micro-
scopic frequency factor for segmental motion, we simply set
_3c ¼ 1018 s�1 here, so as to obtain DG*/kT values within the
physically reasonable range [16] of 40e50 over the range of
strain rates we employ. The Burgers vector magnitude B is as-
sumed to be equal to the polyethylene c-axis dimension [5] of
0.254 nm. The dislocation core radius for a (100)[001] screw
dislocation in polyethylene comes from computer simulations
[17] and is equal to 1.0 nm. The crystal thickness can thus be
extracted from experimental data by applying Eq. (1) to the
low-_3 regime of the higher-temperature data sets, where the
contribution from amorphous-phase mechanical relaxations
is negligible.

As the strain rate increases, the contribution of amorphous-
phase relaxation processes can no longer be ignored. The con-
tribution from each relaxation process may be represented as
a term in the ReeeEyring model [7],

sre

T
¼
X

i

R

vi

sinh�1

�
_3

_30;i

exp

�
DHi

RT

��
; ð3Þ

where sre is the tensile stress contribution from ‘‘i’’ relaxation
processes, R is the gas constant, vi is the activation volume, _3 is
the applied strain rate, _30;i is a constant pre-exponential factor
and DHi is the activation energy.

We begin by assuming that the yield stress of the LDPE and
E/MAA copolymers may be described by the simple addition
of these crystalline and amorphous contributions to yield,

sy

T
¼ sc

T
þ sre

T
; ð4Þ

where sy is the yield stress and sc and sre/T are given by Eqs.
(1) and (3), respectively. This assumption implies that the
strain in both the amorphous and crystalline regions is identi-
cal, as expected for the usual morphological model, consisting
of crystalline lamellae stacked along the c-axis direction and
separated by amorphous layers. If the yield stress normalized
by temperature is plotted against the logarithm of the strain
rate, each relaxation process will appear to dominate over
some range of strain rates, where this process is no longer re-
laxed and plays a significant role in the measured yield behav-
ior. Fig. 2 illustrates how a system that follows Eq. (4) breaks
down into its respective parts, assuming that only one Eyring
process is needed (i.e., i¼ 1 in Eq. (3)). Note the relatively
weak dependence of the crystal slip contribution on strain
rate, as described by Eq. (2).

The experimentally-determined yield stress for E/6MAA
was normalized by the absolute temperature and plotted
against the logarithm of the strain rate. Care was taken never
to exceed 35 �C, as this could cause the thin, secondary crys-
tals to melt [18]. The results are shown in the left panel of
Fig. 3. There appear to be two asymptotes: one at low strain
rates and one at high strain rates. This supports the notion
that two microstructural processes are relevant over the range
of conditions studied. Similar to the work of Bauwens-Crowet
[9], horizontal and vertical shift factors, sx and sy, may be de-
rived; these allow data sets taken at various temperatures, T, to
be superimposed to create a master curve at a reference tem-
perature of Tref.



Fig. 4. Comparison of master curves, all with Tref¼ 22 �C, for 6, 11.5, 15 and

19 wt% MAA copolymers. Data points are omitted to preserve legibility.
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sx ¼
�DH

R

�
1

Tref

� 1

T

�
; ð5Þ

sy ¼
sc

�
Tref ; _3locus;Tref

�
Tref

� scðT; _3locus;TÞ
T

; ð6Þ

where,

_3locus;T ¼
_30

2 expðDH=RTÞ; ð7Þ

sc(Tref) and sc(T ) are the contributions from crystal slip, given
by Eq. (1), evaluated at Tref and T, respectively. In this work,
Tref is chosen to be 22 �C (295 K). Since only one Eyring pro-
cess is needed, the subscript ‘‘1’’ from Eq. (3) has been omit-
ted for clarity. Eq. (5) for the horizontal shift factor sx is
a simple Arrhenius expression, with an activation energy DH
for the Eyring process. However, as discussed by Bauwens-
Crowet [9], the fact that two processes are operative, each
with its own activation energy (Eyring process in Eq. (5), crys-
tal slip in Eq. (2)), mandates a corresponding vertical shift sy

as well, given by Eq. (6). _3locus, appearing in Eq. (6) and de-
fined in Eq. (7), is the strain rate at the crossover between
the two processes, measured as the linear extrapolation of
the high-rate Eyring process to where it intersects the low-
rate crystal slip process (indicated graphically in Fig. 2).
_3locus is naturally temperature-dependent, as the position of
the crossover shifts along both the abscissa (_3) and the ordinate
(sy/T ) as temperature changes. The Levenberg-Marquardt al-
gorithm was used to determine the best-fit parameter values
for v, DH, and _30, listed in Table 1. These parameter values re-
sult in the superposition of E/6MAA yield data shown in the
right panel of Fig. 3.

The superposition process was repeated for the 11.5, 15 and
19 wt% MAA copolymers. The resulting model fits and asso-
ciated parameter values are shown in Fig. 4 and Table 1, re-
spectively. The behavior of the higher-MAA copolymers is
similar to that of the E/6MAA copolymer: at lower strain rates
(or, equivalently, higher temperatures), there exists a low-slope
regime while, at higher rates (or lower temperatures), the slope
increases dramatically. However, as the MAA content in-
creases from 11.5 to 19 wt%, the strain rate at which the
high-slope regime begins decreases, indicating a shift of
_3locus to smaller values. Such a shift is expected if the amor-
phous-phase relaxation slows with increased MAA content.
In support of this idea, Fig. 5 shows the loss modulus, E00,
from �60 to 60 �C for these three copolymers, showing a pro-
gressive increase in the temperature of the relaxation with
MAA content, in good quantitative agreement with prior
Table 1

Model best-fit parameter values with 95% confidence intervals

E/0MAA E/4MAA E/6MA

lc, nm 3.2 3.0 2.9

v, nm3 5.0� 0.3 3.3� 0.3 2.9� 0

DH, kJ/mol 120� 10 100� 10 170� 1

log10(_30, s�1) 20� 3 18� 3 29� 3
DMTA measurements on these same polymers [12]. If the
peak in the E/MAA b relaxation is taken as the glass transition
temperature Tg, then the Tg values of E/11.5MAA, E/15MAA
and E/19MAA are 1, 10, and 19 �C, respectively. As the copol-
ymer Tg approaches room temperature, both DH and _30 in-
crease substantially, as expected in fitting a glass transition
process to the simple Arrhenius expression of Eq. (5). The
DH value of 226 kJ/mol for E/11.5MAA, shown in Table 1,
is in excellent agreement with the E/MAA b relaxation value
of 234 kJ/mol [19] for a copolymer of identical MAA content,
as determined by dielectric spectroscopy. Additionally, the ac-
tivation volumes for these copolymers are typical of glassy
polymers [20]. Thus, for moderate to high MAA content co-
polymers, the high-slope regime at high strain rates and/or
low temperatures (regime 2 in Fig. 3) is attributed to the
E/MAA b transition. Indeed, the rising temperature of the b
transition has already been identified as the cause of similarly
peculiar behavior of the Young’s modulus in these materials,
where increased MAA content can actually raise the modulus
while simultaneously lowering the crystallinity [12].

However, at very low MAA contents, both the relaxation
and yield behavior become more complex. Fig. 6 shows that
LDPE exhibits both a polyethylene b relaxation peak (at
�24 �C) and a higher-temperature shoulder caused by the a re-
laxation (around 30 �C). The a relaxation is typically attrib-
uted to twisting of polyethylene chain segments within
a polyethylene crystal [21]. According to Popli et al. [22],
the polyethylene a and b processes merge into a single peak
(which, to avoid confusion, is referred to here as the
A E/11.5MAA E/15MAA E/19MAA

2.7 2.6 2.5

.2 2.7� 0.1 2� 1 2.0� 0.6

0 226� 2 210� 2 219� 2

39� 3 35� 4 36� 4



Fig. 5. DMTA data at 1 Hz for copolymers of moderate to high MAA content.

Note the increase in Tb with increasing MAA content.
Fig. 7. Comparison of the LDPE and E/6MAA master curves, both with

Tref¼ 22 �C. The high strain rate ‘‘regime 2’’ for LDPE has a lower slope

than for the E/6MAA copolymer, as it corresponds to incomplete relaxation

of the LDPE a process.
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b relaxation for E/MAA copolymers) if the polyethylene crys-
tals are sufficiently thin. Since MAA units are excluded from
the polyethylene crystals, it is expected that as the MAA con-
tent is reduced towards LDPE (zero MAA), the crystals will
become thicker, and the a and b relaxations will gradually sep-
arate. This emergence of the a relaxation in Fig. 6 is reflected
in the yield stress master curve for LDPE shown in Fig. 7. In
‘‘regime 2’’, at reduced strain rates of ln _3 ¼ �4 and higher,
the slope of the LDPE yield data is significantly lower than
that for the E/6MAA copolymer shown again for comparison.
The literature shows that DH for the LDPE a relaxation is
roughly 100 kJ/mol [21], which is close to the DH¼ 120 kJ/
mol obtained for LDPE from our model fit (Table 1). Thus,
the ‘‘regime 2’’ observed in Fig. 7 for LDPE corresponds to
the a relaxation; a third region of even steeper slope would
be expected at higher _3, where the LDPE b process is no
Fig. 6. DMTA data at 1 Hz for copolymers with low to moderate MAA con-

tent. Note the shoulder present in the LDPE data near 30 �C due to the a relax-

ation. As the MAA content is increased, this shoulder merges with the

b relaxation to form a single peak.
longer completely relaxed. The points at the highest _3 in
Fig. 7 hint at such a region, but additional data at even lower
temperatures would be required for a thorough assessment,
given the low LDPE Tb¼�24 �C.

Fig. 4 also shows that, in the low-rate limit, sc decreases
monotonically with increasing comonomer content. This is ex-
pected from Eq. (1): increasing MAA content should yield
thinner crystals, a trend captured in the values of lc extracted
from the model fits (Table 1). However, E/MAA copolymers
are known to have a bimodal distribution of crystal thickness,
with primary crystals of thickness z6 nm, and secondary
crystals of thickness z3 nm [18]. Though the values of lc
listed in Table 1 are close to 3 nm, it does not seem plausible
that the secondary crystals could dominate the response of the
crystalline phase. While the model fit value of lc is expected to
reflect some average of these two populations, it must be
strongly weighted in favor of the thicker primary crystals; oth-
erwise, the model would predict that raising the temperature
enough to melt the thin secondary crystals would increase
sy, which is inconsistent with experiment. Thus, it appears
that the values of lc determined by the model are simply too
small, by a factor of z2. However, recall that the values of
lc are extracted from the measured values of sc via Eq. (1),
so their numerical values depend on the other parameters em-
ployed in the evaluation of Eq. (1). In particular, the shear
modulus, K(T ), deserves further consideration; its value is ex-
tremely sensitive to the unit cell parameters of the crystal, as
these strongly influence the interaction energies between lines
of atoms [23]. K(T ), equal to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44C55

p
, is often determined by

atomistic simulation, where the thickness of the periodic crys-
tal is effectively infinite [24e28]. But in the thin crystals
which form in ethylene copolymers, the a and b lattice param-
eters can increase by 1e2% to ameliorate packing-induced
stresses at the crystal surfaces [29]. Using an analytical ap-
proach [23], we estimate that 1e2% increases in a and



Fig. 8. Experimentally-determined temperature dependence of sc for E/6MAA

and E/11.5MAA (at a low strain rate of 3.8� 10�3 s�1, where the E/MAA b

process is completely relaxed) vs. the sc predicted using K(T ) given by

Karasawa [13] (also used by Brooks [30]) and by McCullough [23] with

lc¼ 2.5 nm.
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b can decrease K(T ) by 30%, leading to a twofold increase in
the value of lc extracted from Eq. (1). Thus, the small values of
lc listed in Table 1 may simply reflect uncertainties in the pre-
cise values of K which apply for the thin polyethylene crystals
in these copolymers.

Close inspection of Figs. 3 and 7 reveals that while the su-
perposition of the yield data is generally quite good, there ap-
pears to be some mismatch at the low strain rates where sc is
evaluated. The most likely explanation for this is a mismatch
between the temperature dependence of K assumed in the
model, and the experimental temperature dependence of sc

(sy at low strain rates). Unfortunately, C44 and C55 are rarely
given as functions of temperature, with only two such studies
published [13,23]. Fig. 8 shows experimentally-determined sc

values for E/6MAA and E/11.5MAA, compared with sc values
predicted by Eq. (1) using the two K(T ) functions reported
from simulations; the experimental sc decreases roughly two
to three times faster with temperature than predicted. While
the reason for this discrepancy is not yet clear, it has been pre-
viously observed [5].

4. Conclusions

The yield stress of E/MAA copolymers can be described by
the simple sum of the contributions from crystal slip and other
mechanical relaxations, such as the polyethylene a and b tran-
sitions. The crystal slip contribution can be described by the
model of Shadrake and Guiu [2,3] while mechanical relaxa-
tions are incorporated through the ReeeEyring treatment
[7]. The combined model was fit to yield stress data for
LDPE and five E/MAA copolymers of varying MAA content.
Superposition of the yield data using coupled horizontal and
vertical shifts was used to generate a master curve for each
material; superposition was good, though there was a small
amount of mismatch at low strain rate, attributed to the
relatively weak temperature dependence of the shear modulus,
K, predicted by simulation and utilized as an input in the
model. The crystal thicknesses extracted from the model de-
crease as the MAA content increases, as expected.

DMTA on moderate to high MAA content copolymers re-
vealed a single peak in E00, over the range of temperatures
studied, corresponding to the E/MAA b relaxation. At high
strain rates (regime 2 in Fig. 3), the E/MAA b relaxation
was not fully relaxed. As a consequence, the yield stress
rose quite quickly as the strain rate increased. The DH value
for this regime, obtained from the model fit, was in good
agreement with E/MAA b relaxation DH values in the litera-
ture. The fitted activation volumes for these copolymers are
quite reasonable for a polymer below its Tg. At low MAA con-
tents, the E/MAA b relaxation splits into two parts: the poly-
ethylene a and b relaxations. The appearance of a separate
a transition impacts the dependence of yield stress on strain
rate: the slope is decidedly lower in regime 2 as compared
to copolymers of high MAA content, and the DH value found
for this regime agrees with literature values for the polyethyl-
ene a relaxation.
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